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Recent high-precision measurements of the CMB anisotropies performed by the BOOMERanG and
MAXIMA-1 experiments provide an unmatched set of data allowing us to probe different cosmological
models. Among these scenarios, motivated by the recent measurements of the luminosity distance versus
redshift relation for type Ia supernovas, is the quintessence hypothesis. It consists of assuming that the accel-
eration of the Universe is due to a scalar field whose final evolution is insensitive to the initial conditions.
Within this framework we investigate the cosmological perturbations for two well-motivated potentials: the
Ratra-Peebles and the SUGRA tracking potentials. We show that the solutions of the perturbed equations
possess an attractor and that, as a consequence, the insensitivity to the initial conditions is preserved at the
perturbed level. Then, we study the predictions of these two models for structure formation and CMB anisotro-
pies and investigate the general features of the multipole moments in the presence of quintessence. We also
compare the CMB multipoles calculated with the help of a full Boltzmann code with the BOOMERanG and
MAXIMA-1 data. We pay special attention to the location of the second peak and demonstrate that it signifi-
cantly differs from the location obtained in the cosmological constant case. Finally, we argue that the SUGRA
potential is compatible with all the recent data with standard values of the cosmological parameters. In
particular, it fits the MAXIMA-1 data better than a cosmological constant or the Ratra-Peebles potential.
PACS number~s!: 98.80.CqI. INTRODUCTION
Recent measurements of the luminosity distance versus
redshift relation for type Ia supernovas @1#, if confirmed, are
compatible with an expanding ~accelerating! universe driven
by a new type of matter whose equation of state p5vr is
characterized by a negative v . One of the possible explana-
tions is the existence of a nonzero vacuum energy, i.e., a
‘‘cosmological constant.’’ Another pragmatic possibility
which has been proposed is to assume the existence of a yet
unknown mechanism guaranteeing that the true cosmological
constant vanishes, the remaining energy density being then
due to the presence of a scalar field, the quintessence field,
almost decoupled from ordinary matter @2–5#. The main dif-
ference between a quintessence fluid and a cosmological
constant comes from their equation of state where vL521
for a cosmological constant and 21<vQ<0 for the quin-
tessence fluid.
One of the puzzles in the interpretation of these data is
the extremely small value of the energy density due to
the new form of matter. From the point of view of part-
icle physics a vanishing value for the cosmological con-
stant is one of the major challenges @6#. At present there
is no known mechanism which prevents the vacuum
energy from picking large values due to radiative cor-
rections and one expects typically a contribution equal to
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which can naturally be taken as the Planck wave number.
This gives a contribution which is 120 orders of magnitude
above the observed one. One possibility which is often ad-
vocated is the presence of some global supersymmetry
~SUSY! which would guarantee that the energy of the
vacuum is zero. Unfortunately SUSY has to be broken to
take into account the absence of experimental evidence in
favor of particle superpartners leading to a natural contribu-
tion to the vacuum energy of order M SUSY
4 where M SUSY is
the SUSY breaking scale estimated around 1 TeV @7#. The
measurement of a vacuum energy some 60 orders of magni-
tude below this expected value indicates that some new
physics must be at play here.
In the quintessence hypothesis, the small vacuum energy
density is due to the rolling down of the quintessence field Q
along a decreasing potential. A typical potential is the Ratra-
Peebles potential V(Q)5L41a/Qa @2#. From the particle
physics point of view one would like to justify the existence
of the quintessence field. Several natural candidates have
been ruled out such as the axion-dilaton field @8#, the moduli
fields of toroidal compactifications in string theory @9#, and
finally the meson fields of supersymmetric gauge theories
@10#. Nevertheless, it seems reasonable to expect that SUSY
will play a role in the solution. Within this framework it is a
matter of fact that the quintessence field must be part of
supergravity ~SUGRA! models @10,11#. This comes from the
large value Q.mPl of the field at small redshift which im-
plies that SUGRA corrections cannot be neglected. In @11#
an effective theory approach has been used to deduce the
general form of quintessence SUGRA potentials; they are of
the type©2000 The American Physical Society05-1






where k[8pG , G being the Newton constant, and where
the exponential factor comprises the SUGRA corrections. L
and a are free parameters. The fine-tuning is not too severe
as for typical values a56 the scale L.106 GeV is compat-
ible with high-energy scales. Notice that the SUGRA correc-
tions become relevant towards the end of the evolution and
decouple at small Q!mPl . Different types of potentials can
be distinguished because they lead to different values of the
equation of state parameter. For example, for a511, the
Ratra-Peebles potential is such that vQ.20.29 whereas the
SUGRA potential gives vQ.20.82 @11# ~for VQ50.7).
It is also worth noticing that there exists quintessence
models where the field is non-minimally coupled with the
metric. Such models induce a time variation of the Newton
constant and are therefore already constrained, for example,
by observations in the solar system or by pulsar timing mea-
surements @12,13#. They lead to the same tracking behavior,
as stressed in Refs. @14,15#, as soon as the coupling term is
proportional to a power of the potential. However, some im-
portant differences occur when the field starts dominating;
for example, its effective equation of state can reach extreme
values such that v.23 @16#. Also, these models can lead
~especially in the context of quintessential inflation @17#! to
clear observable features in the gravitational wave spectrum
@18#.
In view of the numerous phenomenological successes of
quintessence, it is relevant to deduce its consequences for
cosmic microwave background ~CMB! anisotropies and
structure formation. The aim is twofold. First, we have to
study whether quintessence leads to acceptable scenarios
and, second, we have to learn how we could use high-
precision measurements recently obtained by the BOOMER-
anG @19–21# and MAXIMA-1 @22,23# experiments or to be
performed in the near future by NASA’s Microwave Anisot-
ropy Probe ~MAP! satellite @24#, ESA’s Planck satellite @25#,
or the Sloan Digital Sky Survey ~SDSS! @26# to put con-
straints on the quantities characterizing quintessence like VQ
or vQ . The second possibility has of course already been
investigated for the cosmological constant case. For ex-
ample, the fraction VL of the critical density is not deter-
mined entirely from the supernova data. Indeed, the data
from the supernova observations are degenerate in the plane
(Vm ,VL), where Vm is the matter ~i.e., cold dark matter
plus baryons! component preventing a clear cut determina-
tion of the fraction VL . The situation changes drastically if
one includes the measurements of the CMB anisotropies @27#
~even without the BOOMERanG or MAXIMA-1 data!. In
that case, the degeneracy is removed, leading to a probable
70% of the total energy density of the universe carried by the
negative pressure fluid while the remaining 30% are the mat-
ter components ensuring that V051, in agreement with a
spatially flat universe. This conclusion can be drawn from
the measurements of the location of the first Doppler peak.
This result has been confirmed by other measurements @28–
30#. Another use of combined data has been to put con-10350straints on the equation of state parameter. However, this has
been done only for constant or for very simple time-
dependent vQ @31–33#.
CMB anisotropies and the power spectrum are calculated
with the help of the theory of cosmological perturbations.
Cosmological perturbations in the presence of quintessence
have been studied by Ratra and Peebles but only in the track-
ing regime @2#. CMB multipoles moments and/or the power
spectrum have already been calculated for the Ratra-Peebles
potential in Ref. @34# and for other models of quintessence in
Refs. @35–39#. One important issue is to understand whether
the final evolution of the various perturbed quantities de-
pends on the initial conditions imposed at reheating ~of the
inflationary type or not!. Another way to put the same prob-
lem is the following: do the multipole moments depend on
the value of dQ(h i) and dQ8(h i) at initial time? In Ref.
@34#, it was noticed that the answer to this question is no but
no explanations were provided. Here, we confirm the remark
of Ref. @34# and show that this is due to the fact that the
perturbed Einstein equations also possess an attractor which
renders the multipole moments insensitive to the initial con-
ditions.
One of the main purposes of this article is the study of the
general properties of the multipoles moments of the CMB
anisotropies in the presence of the quintessence field. We
present the CMB multipole moments for the Ratra-Peebles
potential and, for the first time, for the SUGRA tracking
potential. In addition, we also display the matter power spec-
trum for these two models. Recently, it has been shown by
Kamionkowski and Buchalter @40# that the location of the
second peak in the CMB power spectrum is an efficient way
of revealing some features of the dark energy sector. There-
fore, we pay special attention to this question. In particular,
in Ref. @40#, only the cosmological constant case was studied
and it was argued that the quintessence case ~the authors
refer to the Ratra-Peebles potential! must not differ signifi-
cantly from the cosmological constant case. In the present
article, we demonstrate that this is not the case and that, as a
matter of fact, quintessence leads to a different location ~de-
noted, in the following, l2) of the second peak. In addition,
we show that the location of the second peak in the quintes-
sence case and in the cosmological constant case can be eas-
ily distinguished. Following Ref. @40#, we display the con-
tour plots of l2 in the plane (Vm ,h) for the Ratra-Peebles
and SUGRA tracking potentials.
The article is organized as follows. In Sec. II, we give a
description of the background evolution in terms of two
physical quantities: the equation of state parameter vQ and
the sound velocity cs
2
Q . In Sec. III, we study the cosmologi-
cal perturbations for the quintessence field. In Sec. IV, we
present the results of full numerical calculations with the
help of a Boltzmann code developped by one of us ~A.R.!
@41# for the CMB anisotropies and power spectra in the case
of the Ratra-Peebles and SUGRA potentials. Then, detailed
comparisons with the recent BOOMERanG @20,21# and
MAXIMA-1 @22,23# data are performed. We end with our
main conclusions in Sec. V.5-2
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We suppose that the Universe can be described by a
Friedmann-Lemaıˆtre-Robertson-Walker metric the spacelike
sections of which are flat:
ds25a2~h!~2dh21d i j dxi dx j!. ~2!
In this equation, h is the conformal time related to the cos-
mic time by a(h)dh[dt . The matter content is as follows.
The Universe is filled with a mixture of five fluids: photons
(g), neutrinos (n), baryons (b), cold dark matter ~CDM!,
and a scalar field Q named quintessence. The stress energy
tensor of each of these species is the one of a perfect fluid,
Tmn5(p1r)umun1pgmn , where um is the four-velocity of
the fluid. The energy density and the pressure of the scalar
field are given by rQ5 12 (Q8/a)21V(Q) and pQ
5 12 (Q8/a)22V(Q), where V(Q) is the potential of quintes-
sence whose shape will be very important in what follows.
Each fluid is also characterized by its equation of state p i
[v ir i where i5g ,n ,b ,CDM, or Q. We have vg5vn
51/3 and vb5vCDM50. The case of vQ is more compli-
cated since this is a time-dependent function such that 21
<vQ<11. Its expression reads vQ5122V(Q)/rQ . The
fact that vQ is a time-dependent function directly comes
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is not equal to the equation of state parameter vQ . As a




The evolution of the Universe can be calculated with the





2 (i r i , ~5!
r i8523H~11v i!r i ,
i5g ,n ,b ,CDM, or Q , ~6!
where mPl is the Planck mass and H[a8/a is related to the
Hubble constant by the equation H5H/a . The equations of
conservation simply express the fact that the energy is con-
served for each species which do not interact. The equation
of conservation of the quintessence field can also be written
as the Klein-Gordon equation
Q912HQ81a2 dVdQ 50. ~7!
We now need to give the last piece of information necessary
to have a complete description of the system, i.e., the shape10350of the potential V(Q). In order to be an interesting theory
and to represent an improvement over the current situation,
quintessence has to address the following four problems: the
fine-tuning problem, the coincidence problem, the equation
of state problem, and the model building problem. The fine-
tuning problem amounts to understanding whether one can
have VQ.0.7 with the free parameters of the potential tak-
ing ‘‘natural’’ values, i.e., close to the energy scale of the
theory under consideration. The coincidence problem is the
question of the initial conditions: does the final value of rQ
strongly depend on the chosen initial values of Q and Q8?
The equation of state problem is the question of the value of
vQ . In order to be compatible with observational data, it
should be such that 21,vQ,0. According to recent pa-
pers, even more stringent restrictions can be put, namely,
21,vQ,20.6 @29# or even 21,vQ,20.8 @33#. In par-
ticular, this already rules out a network of cosmic strings
since the corresponding fluid has an equation of state param-
eter equal to 21/3. Finally, the model building problem
consists in justifying the shape of the potential from the
high-energy physics point of view. Many different shapes of
potential which allow, at least partially, to solve these prob-
lems have been investigated in the literature and Table I
summarizes these proposals.
In particular, the first possibility has been studied thor-
oughly in the past years. In this article, we will mainly con-
centrate on the Ratra-Peebles potential @2# and the SUGRA
tracking potential @10,11#.
Let us briefly see how the four questions evoked previ-
ously can be addressed with these potentials.
A. Fine-tuning problem
Let us start with the fine-tuning problem which
is clearly a delicate question. This problem is crucial @6#
for the cosmological constant. Indeed, from very
simple high-energy physics considerations, one typical-
ly expects rL.mPl
4 .1076 GeV4 whereas one measures
rL.VLr c.10247 GeV4 since the critical energy density is
r c.8.1h2310247 GeV4. Do we gain something in the case
of quintessence? This question is controversial. For example,
in Ref. @43#, the authors clearly answer no and write ‘‘Two
proposals to explain these observations are a non-vanishing
cosmological constant or a very slowly rolling scalar field,








L4e2lQ(11A sin nQ) @39#
L4@(Q2B)a1A#e2lQ @46#
L4@11cos(Q/f)# @47#5-3
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plagued with formidable fine tuning problems.’’ However,
one should look more carefully at this point. To illustrate this
issue, let us consider the general argument given against
quintessence. If we consider the potential V(Q)
5(m2/2)Q2, then the mass of such a field, which is also the
only free parameter of the potential, should be m
5A2VQrc/mPl.10233 eV, a very tiny mass indeed. Justify-
ing such a value for the free parameter m is probably the
same problem as justifying a very low value for rL . How-
ever, such a model has never been advocated for the quin-
tessence field. As already mentioned above, one typically
considers models such that V(Q)5L41a/Qa. This changes
the argument. Now, the free parameter of the theory is L . In
order to have rQ5VQrc today, one has L.1011 GeV, for
a511. This time, the free parameter of the theory has a
value comparable to the natural scales of high-energy phys-
ics. Therefore, something has been gained and it seems un-
fair not to emphasize this point. On the other hand, the mass
of the field is given by m5a(a11)VQrc /mPl2 .10233 eV
but this number should be interpreted completely differently.
Here the mass m is just a ‘‘by-product’’ and its value is
naturally very small without any artificial fine-tuning of L .
Of course the very small value of the mass implies that the
quintessence field is almost completely decoupled from the
other matter fields. This renders the model building issue
even more acute.
B. Coincidence problem
The coincidence problem as formulated in the Introduc-
tion, i.e., the dependence upon the initial conditions, is
solved because the Klein-Gordon equation possesses a solu-
tion which is an attractor. In order to prove this property, we
have to rely either on numerical calculations or on approxi-
mate methods. All the plots and numerical estimates dis-
played in this article will be made with the help of numerical
calculations. However, it is always useful to understand the
tracking property by means of analytical methods and we
now turn to this question. It is convenient, for analytical
calculations, to consider that there is in fact only one ‘‘back-
ground’’ fluid with a time-dependent equation of state such
that vB51/3 during the radiation-dominated epoch and vB
50 during the matter-dominated era. In addition to the back-
ground fluid, we assume that there also exists the quintes-
sence scalar field field. Following the treatment of Ratra and
Peebles @2#, it will be considered that this scalar field is a test
field. This is a good approximation since this field must be
subdominant in particular during big bang nucleosynthesis
~BBN! in order not to modify the behavior of the scale factor
and, as a consequence, not to spoil the success of BBN. This
means that the behavior of the scale factor is essentially de-
termined by the background fluid and that ( ir i.rB . This
hypothesis breaks down at very small redshift when quintes-
sence starts dominating the matter content of the Universe.
Since quintessence is only a test field which does not interact
with the background fluid, the scale factor and the quantity
H can be written as10350a~h!}h2/(113vB), H~h!5 2
~113vB!h
. ~8!
For the sake of illustration, let us now consider the radiation-
dominated era where vB51/3. Under the previous assump-
tions, the Klein-Gordon equation has a particular solution
given by
Qp5Q0h4/(a12), ~9!
where Q0 is a constant which depends on the free parameters
of the potential, i.e., L and a . The tracking behavior is re-
vealed by the behavior of small perturbations around Qp . Let
us introduce the new time t defined by h[et and define u
and p by Q5Qpu and p5du/dt . The Klein-Gordon equa-
tion, viewed as a dynamical system in the plane (p ,u), pos-
sesses a critical point (0,1) and small perturbations around
this point du ,dp obey the following equation:
d
dt S dpdu D 5S 2 a110a12 2 4~a16 !a12
1 0
D S dpdu D . ~10!
Solutions to the equation det(M2lI)50, where M is the







The real part of l6 is always negative and the critical point
is a spiral point. Therefore, every solution will tend to Q
5Qp after an intermediate regime: Q5Qp is an attractor and
no fine-tuning of the initial conditions is required.
Before reaching the attractor, the quintessence field un-
dergoes different regimes that we are now going to describe.
These regimes are in fact characterized by two physical
quantities already introduced previously: the equation of
state parameter vQ and the sound velocity cs
2
Q . We study
the case of an ‘‘overshoot,’’ in the terminology of Ref. @5#,
since this corresponds to initial conditions that are physically
more relevant ~in particular this includes the case of equipar-
tition, i.e., rQ.1024rB initially!. We also assume that the
background is radiation dominated v B51/3.
Initially, the kinetic energy dominates the potential en-
ergy, i.e., Q82/(2a2)@V(Q). This means that the energy
density redshifts as rQ}1/a6 and that the equation of state
parameter is vQ51. As a consequence, due to the constancy
of vQ and Eq. ~4! ~and also vQÞ21), we have cs2Q51 as





where Q f and A are constant. These constants are such that
the term A/a becomes rapidly small in comparison with the
frozen value Q f and we have the amusing situation that the
field can be ~almost! considered as frozen even if the kinetic
energy still dominates. This is illustrated in Fig. 1.5-4
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is also almost constant except at the very beginning. Using
the definition of vQ and cs
2
Q @see Eq. ~3!#, we deduce that,




The fact that, in the parametrization adopted here, the scale
factor is very small during the kinetic regime explains that
there is no contradiction between these equations and the
values of vQ and cs
2
Q deduced above.
Since the kinetic energy decreases while the potential en-
ergy is almost constant, the kinetic regime cannot last for-
ever. When the potential energy becomes larger than the ki-
netic one, the equation of state parameter suddenly jumps
from 11 to 21 while the sound velocity still remains equal
to 11 since Eq. ~4! does not imply a change of this quantity
in the case vQ521. The fact that the equation of state pa-
rameter changes before the sound velocity is explained by
Eq. ~13!. We call this regime the transition regime. During
this regime, the kinetic energy still redshifts as 1/a6 and
V(Q) is approximately constant but of course now rQ
.V(Q).
Because of the second equation of Eqs. ~13!, the sound
velocity has also to change at some later time. This implies
that the quintessence field can no longer behave according to
Eq. ~12!. This is the starting point of the potential regime. In
order to study the behavior of the system in this regime, we
need to find an expression for the second derivative of the
potential. Differentiating once the definition of the sound ve-






2H 1H cs2Q8 1~cs2Q21 !FH8H2 2 12 ~3cs2Q15 !G J .
~14!
No approximation has been made in the derivation of this
relation. This formula generalizes Eq. ~3! of Ref. @4#. This
formula will turn out to be very useful when we study the
FIG. 1. Evolution of the kinetic energy ~solid line! and of the
potential energy V(Q) ~dashed line! from z i51030 to z50.10350perturbations in the next section. With the scale factor given















In the regime we are interested in, the right-hand side of the
previous formula is small. The only way to satisfy this rela-
tion is to ensure that the sound velocity changes to the con-
stant cs
2
Q5222vB . This gives cs
2
Q527/3 for the
radiation-dominated era. This evolution is displayed in Fig.
2.
The fact that the sound velocity is a constant implies that
the factor (4a2)/(3HQ8)dV(Q)/dQ is also a constant.
Therefore, the behavior of the quintessence field is now
given by
Q5Q f1Ba4, ~16!
which implies that the kinetic energy redshifts as a4.
Again this regime cannot last forever since the kinetic
energy increases while the potential energy still remains con-
stant. At some later time, both contributions become equal
and vQ and cs
2
Q have to change once more. This is the end of
the potential regime and the beginning of the tracking regime
which has already been described above. The quantities pQ ,






The definitions of the different regimes and the correspond-
ing evolutions of the physically relevant quantities are
summed up in Table II.
C. Equation of state parameter problem
The third question evoked previously was the question of
the value of the parameter vQ today. As already mentioned,
FIG. 2. Evolution of the equation of state parameter vQ ~dashed
line! and of the sound velocity cs
2
Q ~solid line! from z i51030 to z
50.5-5
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are already available. This problem is also solved by quin-
tessence in the sense that we always have 21,vQ,0.
Here, however, it is relevant to distinguish between
the Ratra-Peebles potential and the SUGRA potential. With
the first potential, it seems difficult to reach sufficiently
small value of vQ . On the other hand, this is automatically
achieved in the second case. The reason for this is the
presence of the factor exp(kQ2/2) in the potential, a generic
feature of SUGRA-based potentials, which drives vQ
towards 21. For a511 and VCDM.0.3, the prediction
is vQ.20.82, a value in agreement with the current
data @10,11#.
D. Model building problem
From the particle physics point of view, one would like to
justify the existence of the quintessence field and the shapes
of the ~so far! phenomenological potentials. Several attempts
have already been made in the framework of supersymmetric
field theory. In particular, it was shown by Bine´truy @8# that
the Ratra-Peebles potential can be recovered in the context of
global SUSY. However, as already mentioned, SUGRA cor-
rections must be taken into account and this implies that the
corresponding potential can be of the type of the SUGRA
tracking potential displayed in Eq. ~1! which leads to a better
agreement with the available data.
Nevertheless, it should be clear that considerable prob-
lems remain to be addressed in order to reach a satisfactory
situation @12,48#. Maybe the most crucial question is the
problem of SUSY breaking. SUSY must certainly be broken
but the models evoked previously do not take into account
this basic fact. This could have dramatic consequences and
modify the shape of the potential which is so important in
order to solve the three previous problems.
III. COSMOLOGICAL PERTURBATIONS
We now turn to the study of the cosmological perturba-
tions. A detailed study has already been performed by Ratra
and Peebles in Ref. @2# but only for the tracking regime.
Cosmological perturbations in a fluid with a constant nega-
tive equation of state parameter have been investigated in
Ref. @49#. In this article, we study the cosmological pertur-
bations ~in the long wavelength approximation! in all the
regimes previously described and point out some additional
properties. The evolution of the cosmological perturbations
mainly depends on the equation of state parameter and the
TABLE II. Summary of the different regimes described in the
text.
Regime Q82/(2a2) V(Q) Q vQ cs2Q
Kinetic 1/a6 a0 Q f2A/a 1 1
Transition 1/a6 a0 Q f2A/a 21 1
Potential a4 a0 Q f1Ba4 21 27/3
Tracking a23(11vQ) a23(11vQ) a4/(a12) avB22
a12
vQ10350sound velocity. We have shown in the previous section that
they can be considered as constant in each regime. This will
simplify the analysis a lot.
The fate of the perturbations depends on the initial condi-
tions. It has been noticed for the first time in Ref. @34# that
‘‘the observable fluctuation spectrum is insensitive to a
broad range of initial conditions, including the case in which
the amplitudes of dQ ,dQ8 are set by inflation.’’ In that pa-
per, the authors choose dQ5dQ850 initially ~in the syn-
chronous gauge!. We demonstrate, in this section, that the
insensitivity of the spectrum described in Ref. @34# has an
origin similar to the insensitivity of the background proper-
ties with respect to the initial conditions Q and Q8, namely
the presence of an attractor for the perturbed quantities. We
prove that during all the four regimes undergone by the quin-
tessence field, the attractor is characterized by a ‘‘spiral fixed
point’’ as it is the case for the background.
A. General framework
Without loss of generality, the perturbed line element can
be written in the synchronous gauge. In this class of coordi-
nates systems, scalar perturbations are completely described
by two arbitrary functions. The spatial dependence of the
perturbations is given by X(xi) which is the eigenfunction of
the Laplace operator on the flat spacelike hypersurfaces.
There exist two ways to construct a two-rank tensor from a
scalar function: either by multiplying it by the spatial back-
ground flat metric d i j or by differentiating it twice. The two
arbitrary functions mentioned above are simply the coeffi-
cients of these two terms in a Fourier expansion. Therefore,
the perturbed metric can be expressed as @50#





,i , jGdxi dx jJ . ~18!
In this equation, the dimensionless quantity k is the comov-
ing wave vector related to the physical wave vector kphys
through the relation kphys[k/a(h). As a consequence of
Einstein equations, perturbations in the metric are coupled to
perturbations in the different matter components. We choose















Xd i j , ~20!
where we have assumed that the longitudinal pressure pl
vanishes for each component. As for the background, one
considers that the Universe is filled with two fluids: the back-
ground fluid, a hydrodynamical perfect fluid which is either
radiation or dust ~again, the corresponding quantities will
carry the index B), and a scalar field Q describing the quin-
tessence field ~in this case the corresponding quantities will5-6
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Finally, it turns out to be more convenient to work with the









In the following, we study analytically the time evolution of
the density contrast for the background fluid and for quintes-
sence in the long-wavelength limit.
B. Background fluid
The equation satisfied by the background density con-
strast has been established in the Appendix @see Eq. ~A5!#


























The results for the radiation dominated and matter dominated
epochs are summarized in Table III. These results are con-
sistent with those obtained in Ref. @51#. In particular, it can
be shown that the branch dB}ax2 corresponds in fact to a
TABLE III. Time dependence of the background fluid density
contrast during the radiation- and matter-dominated eras.
vB x2 x1 (9vB21)/2
1/3 22 2 1
0 23/2 1 21/210350residual gauge mode; i.e., there exists a synchronous system
of coordinates such that this mode can be removed and there-
fore must not be considered as a physical mode.
C. Quintessential perturbations
We now describe how the long-wavelength quintessential
perturbations evolve with time. A similar study has already
been performed by Ratra and Peebles but only on the track-
ing solution. We give here a complete description of the
evolution of the quintessence density contrast in the four
regimes defined in the previous section. In addition, we
prove that there exists an attractor for the perturbations as is
the case for the background solution. As a consequence, the
final value of the density contrast is always the same what-
ever the initial conditions are.
The Klein-Gordon equation satisfied by the perturbed
quintessence field dQ has been established in the Appendix
@see Eq. ~A12!# and reads
dQ912HdQ81F k21a2 d2V~Q !dQ2 GdQ1 Q82 ~3h82hl8!50.
~29!
This is similar to Eq. ~7.20! of Ref. @2#. One can check that
Eq. ~A8! of the Appendix is automatically verified since it is
equivalent to the unperturbed Klein-Gordon equation ~times
an unimportant factor!. Using Eq. ~A1! of the Appendix to










We are now going to analyze this equation in detail. We now
need to utilize the general expression for the second deriva-
tive of the potential, Eq. ~14!. On the tracking solution, we
have vQ5cs
2











For our purpose, as proved in the previous section, it is suf-
ficient to consider a regime where cs
2
Q is constant and where












Let us now concentrate on the homogeneous part of Eq. ~30!.
Using the previous equation, it can be expressed as5-7

















This linear equation can easily be solved: its solutions are
just the power law of the conformal time. However, in order
to show explicitly the complete analogy with the background
attractor, we choose to analyze it in a rather roundabout way.
Let us proceed exactly as for the unperturbed Klein-Gordon
equation @see the discussion around Eq. ~10!#. We define the
time t by h[et and introduce the quantity du and dp de-
fined by du[dQ and dp[d(dQ)/dt . Then, Eq. ~33! can
reexpressed as
d
dt S dpdu D 5S 3~vB21 !113vB 9~cs2Q21 !~113vB!2 ~21vB1cs2Q!
1 0
D
3S dpdu D . ~34!
The form of this equation clearly shows the complete anal-
ogy with Eq. ~10!. The eigenvalues of the system are found
by solving the equation det(M2lI)50, where M is the ma-
trix defined above and I the identity matrix. Straightforward





113vB F 16A114 cs2Q21~vB21 !2 ~21vB1cs2Q!G .
~35!
Of course, this is just a simple rephrasing of the fact that the
solution of Eq. ~33! is dQ}A1hl11A2hl2. The presence
of an attractor is linked to the negative sign of the real part of
l6 . It is easy to see that the real part is always negative in
all four regimes; in particular this is true for any value of a .
This is displayed in Fig. 3 in the plane (vB ,cs2Q). The light
grey and dark grey regions are the regions where these real
parts are negative. The light grey region is the region where
the argument of the square root is negative, i.e., where the
square root is an imaginary number. The exact ‘‘trajecto-
ries’’ of the system for the usual tracking potential ~short
line! and for the SUGRA tracking potential ~long line! are
also shown for the case a511. They have been obtained by
full numerical integration. The remarkable property is that
these trajectories are always in the stable region. This means
that, in each region, the system tends to an attractor which is
given by the inhomogeneous part of the perturbed Klein-





Q527/3. Then, the system approaches
the transition to the matter-dominated era and leaves the ver-
tical line. Finally, it stops when the redshift vanishes at vB
.20.29 for the tracking potential and at vB.20.82 for the10350SUGRA tracking potential. The two lines separate when the
exponential factor becomes important in the SUGRA track-
ing potential.
The conclusion is that the final value of the quintessence
perturbations is insensitive to the initial conditions, a prop-
erty completely similar to what has been shown in Ref. @5#
for the background. Strictly speaking, this property has been
demonstrated for long-wavelength modes only. However, we
have checked by numerical calculations that this is also true
for shorter-wavelength modes. Having proved that the final
result does not depend on the initial conditions of the quin-
tessence perturbations, we can now proceed further and em-
bark in a rather detailed study of the CMB anisotropies pre-
dictions in the presence of quintessence.
IV. PREDICTIONS FOR THE POWER SPECTRUM
AND THE MULTIPOLE MOMENTS
The presence of cosmological perturbations induces direc-
tional variations in the CMB photon redshift. This is the
so-called Sachs-Wolfe effect @52#. Since these variations are
the same regardless of the wavelength of the photons, they
translate into variations in the temperature of the blackbody
on the celestial sphere. Their amplitude has been measured
by the Cosmic Background Explorer ~COBE! satellite and is
of the order of magnitude dT/T0.1025 @53#. The detailed
angular structure of the CMB anisotropies is usually charac-
terized by the two-point correlation function which can be
expanded according to
K dTT ~e1!dTT ~e2!L 5 14p (l ~2l11 !ClPl~cos g!, ~36!
where g is the angle between the directions e1 and e2 and Pl
is a Legendre polynomial. The coefficients Cl are the multi-
pole moments. In what follows, we will be mainly interested
in the so-called band power dTl defined by the following
expression:
FIG. 3. Stability region for the quintessential perturbations. The
light grey and the dark grey regions constitute the stable region. The
light grey region is the region where the square root is an imaginary
number. Two trajectories of the system for the tracking potential
~shortest line! and the SUGRA tracking potential ~longest line! are
also displayed for the value a511.5-8
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where T0.2.7 K. The band power has now been measured
on a wide range of angular scales from 108 to 90° corre-
sponding roughly to lP@2,700# . Almost 80 data points have
been measured. Recently new data obtained by the balloon-
borne experiments BOOMERanG @20,21# and MAXIMA-1
@22,23# have been published. They clearly show a detection
of the first Doppler peak at the expected angular scale .1°
corresponding to the size of the Hubble radius at recombina-
tion.
On the theoretical side, the multipole moments depend on
the initial spectra for scalar and tensor modes and on how the
perturbations evolve from the initial time ~after inflation! un-
til now. This evolution is determined by the values of the
cosmological parameters, i.e., by the value of the Hubble
constant (h), of the total amount of matter present in our
Universe (V0), of the cosmological constant (VL), of the
baryon density parameter (Vb), and of the cold dark matter
density parameter (VCDM). Constraints already exist on
some of these parameters. In particular, as already mentioned
above, VL.0.7 according to the SNIa measurements and
h2Vb.0.01960.002 according to BBN @54,55#. We also as-
sume V051 in agreement with the inflation paradigm which
has been confirmed by the recent CMB anisotropy measure-
ments. For the initial spectra, it is traditional to assume that
they are of the power-law form
k3PF~k !5ASknS21, k3Ph~k !5ATknT, ~38!
where the scalar and tensor spectral indices nS and nT are
related by nS215nT . This last equation is also valid for
zeroth-order slow-roll inflation. It should be noticed that, a
priori, this choice is not the most relevant one since slow-roll
inflation is certainly more physically motivated. For spectral
indices close to nS51, we expect a small difference. This is
no longer true for larger tilts. Inflation predicts the presence
of gravitational perturbations and the tensor to scalar ampli-





9 nT . ~39!
This equation is valid for power-law inflation with nT not too
large1 or for zeroth-order slow-roll inflation. A last remark is
in order at this point. All the plots displayed in this article are
COBE normalized in the following way: the position of the
Sachs-Wolfe plateau is tuned such that it best fits the COBE
data points. In practice, this almost amounts to normalizing
the spectrum to C10 .
In this section, we first study the general properties of the
multipoles moments in the quintessence cold dark matter
model ~QCDM! and point out the main differences with the
standard cold dark matter ~SCDM! and the cosmic concor-
1For power-law inflation, the exact expression is given by
AT /AS52(200/9)nT /(12nT /2).10350dance model (LCDM). We also display the corresponding




which is the square of the Fourier transform of the baryonic
density contrast. Then, we compare the predictions of the
QCDM model for the Ratra-Peebles and SUGRA tracking
potentials with the COBE @53#, BOOMERanG @20,21#,
MAXIMA-1 @22,23#, and Saskatoon @56# data. We do not
attempt to perform a detailed statistical analysis but we
rather indicate roughly how the different models can fit the
observational data.
We now turn to simple considerations about the shape of
the CMB spectrum. The corresponding band power for the
Ratra-Peebles and SUGRA potentials is displayed in Figs. 4
and 5 for h50.5, Vb50.05, VQ50.7, VCDM512Vb
2VQ , and nS50.99 and the tensor contribution neglected.
The former set of cosmological parameters has been chosen
just for the sake of illustration and discussion. For simplicity,
we start with a comparison of the quintessence multipole
moments with those obtained in the LCDM model with
similar cosmological parameters. First, since Vm[VCDM
1Vb is the same in the two models, the redshift of equiva-
lence between matter and radiation, zeq[Vm /V r , where
V r[Vg1Vn , is also the same in both cases. Therefore, the
first peak is boosted in the same way by the early integrated
Sachs-Wolfe effect ~due to the time variation of the two
Bardeen potentials during recombination; see @57#! and, a
priori, one expects the same first peak height. Second, the
dark energy component ~cosmological constant or quintes-
sence! has a negligible contribution before recombination
and, as a consequence, the evolution of the perturbations
before the last scattering surface is the same in the two mod-
els ~see the previous section!. Thus, one expects again iden-
FIG. 4. Multipole moments for the Ratra-Peebles potential for
two values of a , a56 ~solid curve! and a511 ~long dashed curve!
and with cosmological parameters equal to h50.5, Vb50.05, VQ
50.7, VCDM512Vb2VQ , nS50.99, AT50. The curves are
compared with those obtained in the SCDM model ~short dashed
curve! and in the LCDM model ~dotted curve!.5-9
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considerations, the position of the peaks differs because the
angular distance-redshift relation is modified at small red-
shift since the equation of state of the cosmological constant
and of quintessence is not the same. The closest to 21 the
equation of state parameter is, the largest the shift of the
peaks to small angular scales is. As a consequence, the peaks
in the LCDM model are more shifted to the right than in the
QCDM model. Another feature is that the height of the first
peak is not the same in the two types of scenarios. Indeed, at
small redshift, the gravitational potential does not behave
exactly in the same way in the two models especially be-
cause there are scalar field perturbations in the QCDM sce-
nario. This results in a different contribution of the late inte-
grated Sach-Wolfe effect @57# which affects the overall
normalization of the spectrum. As a consequence, the height
of the first peak is lower in the model which produces a
strong late integrated Sachs-Wolfe effect, i.e., in the QCDM
model.
The exact shape of the quintessence potential also matters
and different potentials lead to different CMB anisotropies.
The SUGRA potential and the cosmological constant lead to
very similar CMB anisotropy spectra, whereas the difference
is stronger in the case of the Ratra-Peebles potential. This is
mainly due to the fact that the equation of state parameter is
generically closer to 21 in the first case than in the second
one. Another difference is that the Ratra-Peebles potential
produces a larger late integrated Sachs-Wolfe contribution
than the SUGRA potential. This results in a different normal-
ization for both models ~note that the normalization depends
on a) which has for consequence different height of the first
Doppler peak. Of course, this difference is also visible in the
power spectrum at large scales. Maybe the most interesting
property is the following one. The cosmic equation of state
~almost! does not depend on a in the case of the SUGRA
potential. Then, in the same manner, the CMB anisotropies
do not depend on a contrary to the case of the Ratra-Peebles
FIG. 5. Multipole moments for the SUGRA potential for two
values of a , a56 ~solid curve! and a511 ~long dashed curve! and
with cosmological parameters equal to h50.5, Vb50.05, VQ
50.7, VCDM512Vb2VQ , nS50.99, AT50. The curves are
compared with those obtained in the SCDM model ~short dashed
curve! and in the LCDM model ~dotted curve!.103505potential. This means that the multipole moments displayed
in Fig. 5 are a generic predictions of the SUGRA QCDM
model.
For the sake of completness, let us now describe the cor-
responding matter power spectra. They are displayed in Figs.
6 and 7. The matter power spectrum also depends on the
nature of the dark energy component ~cosmological constant
or quintessence! but the difference between the cosmological
constant scenario and a quintessence scenario is less impor-
tant. The matter power spectrum shows a peak the location
of which is given by the Hubble radius at equivalence. In the
LCDM and QCDM scenarios, the peak is at the same loca-
tion contrary to the SCDM case for which the peak is located
at smaller scales. Also, in models with low matter content,
FIG. 6. Matter power spectrum for the Ratra-Peebles potential
for two values of a , a56 ~solid curve! and a511 ~long dashed
curve! and with cosmological parameters equal to h50.5, Vb
50.05, VQ50.7, VCDM512Vb2VQ , nS50.99, AT50. The
curves are compared with those obtained in the SCDM model ~short
dashed curve! and in the LCDM model ~dotted curve!.
FIG. 7. Matter power spectrum for the SUGRA potential for two
values of a , a56 ~solid curve! and a511 ~long dashed curve! and
with cosmological parameters equal to h50.5, Vb50.05, VQ
50.7, VCDM512Vb2VQ , nS50.99, AT50. The curves are
compared with those obtained in the SCDM model ~short dashed
curve! and in the LCDM model ~dotted curve!.-10
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smooth oscillations at small scales. As for the CMB anisot-
ropy spectrum, the small scales are similar in the LCDM and
QCDM scenarios and important differences only occur on
larger scales which are more affected by the change in the
cosmic equation of state.
Let us now study in more detail and for more realistic
values of the cosmological parameters the position and the
height of the first Doppler peak. We start with the location of
the first peak ~denoted in what follows by l1) and we study it
in the plane (Vm ,h) with the following values of the other
cosmological parameters: h2Vb50.019 ~the value predicted
by standard BBN!, VL ,Q50.7, AT50, and nS50.99. The
case of the cosmological constant is displayed in Fig. 8, the
case of the Ratra-Peebles QCDM model in Fig. 9, and the
case of the SUGRA QCDM model in Fig. 10. These plots
confirm the qualitative predictions made above and in par-
FIG. 8. Contour plots of the first Doppler peak location in the
(Vm ,h) plane for the cosmological constant case. The other cos-
mological parameters are h2Vb50.019, VL50.7, AT50, and nS
50.99.
FIG. 9. Contour plots of the first Doppler peak location in the
(Vm ,h) plane for the Ratra-Peebles QCDM case. The other cosmo-
logical parameters are h2Vb50.019, VQ50.7, AT50, and nS





assumes that Vm.0.3 ~since we have assumed VL.0.7)
and h.0.62, this last value being consistent with the Hubble
Space Telescope ~HST! and SNIa measurements, then we
obtain l1
L.225, l1SUGRA.220, and l1RP.200. It is interesting
to compare these values with the recent measurements of the
first peak performed by BOOMERanG and MAXIMA-1.
The BOOMERanG data indicate that l1519766 @20,21#
which is compatible with the Ratra-Peebles potential and a
spatially flat Universe. On the other hand, the MAXIMA-1
data are consistent with a first peak located at l1.220
@22,23# which is, this time, in agreement with a cosmological
constant or the SUGRA QCDM model.
Let us now study the height of the first Doppler peak. We
study its variation in the plane (Vb ,nS) for the following
values of the cosmological parameters: h50.62, VL ,Q50.7.
The case of the LCDM model is displayed in Fig. 11
whereas the cases of the Ratra-Peebles QCDM and SUGRA
FIG. 10. Contour plots of the first Doppler peak location in the
(Vm ,h) plane for the SUGRA QCDM case. The other cosmologi-
cal parameters are h2Vb50.019, VQ50.7, AT50, and nS50.99.
FIG. 11. Contour plots of the height of the first peak in the
(Vb ,nS) plane with h50.62, VL50.7 for the case of the LCDM
model.-11
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would like to emphasize that the importance of gravitational
waves is crucial in this case. Indeed, as already mentioned,
the presence of gravitational waves modifies the normaliza-
tion and, as a consequence, the height of the peaks. The
BOOMERanG data indicate that dT200.6968 m K @20,21#
whereas the MAXIMA-1 ones give dT220.7866 m K
@22,23#, this discrepancy being possibly explained by prob-
lems in the calibration of these experiments. If we adopt the
value Vb.0.0595, compatible with BBN, we see that, in the
Ratra-Peebles QCDM model, a height of the first peak com-
patible with the BOOMERanG and MAXIMA-1 data leads
to a value of the scalar spectral index such that nS.1. For
the cases of LCDM and SUGRA QCDM, we learn from the
previous plots that the spectral index must be very close to 1.
We now turn to the study of the second Doppler peak.
First of all, we should say something about the observational
situation. With regards to the detection of a second peak, it is
FIG. 12. Contour plots of the height of the first peak in the
(Vb ,nS) plane with h50.62, VQ50.7 for the case of the Ratra-
Peebles QCDM model.
FIG. 13. Contour plots of the height of the first peak in the
(Vb ,nS) plane with h50.62, VQ50.7 for the case of the SUGRA
QCDM model.103505difficult to deduce something from the BOOMERanG data.
The error bars are still large and the data are, for the moment,
compatible with a second peak ~with a height maybe smaller
than predicted by standard inflation! but also with no peak at
all, even if one can see a small rise of the signal at l2.550
@20,21#. Only 5% of the data of this experiment have been
analyzed so far and one should wait for the rest of the data
analysis to be completed. On the other hand, the
MAXIMA-1 data show ‘‘a suggestion of a peak at l2.525’’
@22#, the height of which would be dT525.48 mK. One could
even argue that the beginning of a third peak has been ob-
served. In fact, considering all the uncertainties in such mea-
surements, we are of the opinion that a reasonable attitude is
simply to wait for more data. On the theoretical side, it was
argued by Kamionkowski and Buchalter @40# that the loca-
tion of the second peak can probe the dark energy density.
The main idea is to study the contour plots of l2 in the plane
(Vm ,h). Then, a measurement of l2, knowing h by other
means , immediately determines the value of Vm . It was
claimed in Ref. @40# that this strategy does not depend on
whether the dark energy is a cosmological constant or a
quintessence field. We show that this claim is not correct and
that the nature of the dark energy matters. The contour plots
of l2 in the case of a cosmological constant are displayed in
Fig. 14 for the cosmological parameters given by h50.62,
VL50.7, h2Vb50.019, nS50.99. These plots are in agree-
ment with the results found in Ref. @40#. The corresponding
contour plots for the Ratra-Peebles and SUGRA CDM mod-
els are presented in Figs. 15 and 16. In addition, in order to
show that there is indeed an important difference, we also
display the contour plots for a cosmological constant which,
for a given value of l2, is always above the QCDM curve.
The fact that there is a difference does not totally invalidate
the idea of Ref. @40#. But it means that, in order to use it, we
should first identify the physical nature of the dark energy,
for example with a measurement of its equation of state pa-





Roughly speaking, for h.0.62, V m.0.3, we have l2
L
.550, l2SUGRA.525, and l2RP.500. Interestingly enough,
FIG. 14. Contour plots of the location of the second peak in the
(Vm ,h) plane with h50.62, VL50.7, h2Vb50.019, nS50.99 for
the cosmological constant case.-12
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cation of the ‘‘suggested second peak’’ @22#, just in between
the location predicted by the LCDM model and the Ratra-
Peebles QCDM model. Of course, it is premature to con-
clude and only more data could allow to know whether this
is indeed the case or whether this is just a coincidence.
Finally, we display the multipole moments for the LCDM
model, the Ratra-Peebles QCDM model and the SUGRA
QCDM model in Figs. 17, 18, and 19, respectively, for the
following cosmological parameters ~deduced from the previ-
ous considerations!: h50.62, VL50.7, Vb50.0595, and
nS50.99. The data points of COBE, BOOMERanG,
MAXIMA-1, and Saskatoon have been added to the plots for
comparison. These curves represent the predictions of each
model and special attention must be paid to the third peak
FIG. 15. Contour plots of the location of the second peak in the
(Vm ,h) plane with h50.62, VL ,Q50.7, h2Vb50.019, nS50.99
for the Ratra-Peebles QCDM model. The corresponding contour
plots for the cosmological constant ~upper curves! are also dis-
played for comparison.
FIG. 16. Contour plots of the location of the second peak in the
(Vm ,h) plane with h50.62, VL ,Q50.7, h2Vb50.019, nS50.99
for the SUGRA QCDM model. The corresponding contour plots for
the cosmological constant ~upper curves! are also displayed for
comparison.103505which is certainly one of the next important experimental
challenges. In Fig. 20, we present the three curves together in
order to make the comparison easier. It should be empha-
sized again that the multipole moments predicted by the
SUGRA QCDM model are unique in the sense that they do
not depend on the free parameter in the potential. From these
plots, we see that the SUGRA QCDM model is, among the
three models studied here, the best fit of the MAXIMA-1
data. It is the only model for which the theoretical curve dT
versus l goes through all the 1s error bars of this experi-
ment. However, we should be careful not to overestimate the
relevance of this result since uncertainties are still large, for
instance, because the comparison of the calibrations of dif-
ferent experiments is always a difficult task. We should also
keep in mind that 2s deviations are always possible. Thus,
we are waiting eagerly for the new data to see whether quin-
tessence, and especially SUGRA quintessence, can confirm
the hints of this article and fits the data better than the other
QCDM models.
FIG. 17. Band power dTl for the LCDM model with h50.62,
VL50.7, Vb50.595, and nS50.99. The data points are those of
the COBE, BOOMERanG, MAXIMA-1, and Saskatoon experi-
ments.
FIG. 18. Band power dTl for the Ratra-Peebles QCDM model
with h50.62, VQ50.7, Vb50.0595, and nS50.99. The data
points are those of the COBE, BOOMERanG, MAXIMA-1, and
Saskatoon experiments.-13
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The quintessence scenario provides a general framework
within which the issue of the energy density of the Universe
can be tackled. In particular long-standing issues such as the
coincidence problem ~and maybe the fine-tuning problem!
receive reasonable answers for a class of models possessing
the property of tracking fields; i.e., the evolution of the quin-
tessence field is driven at small redshift towards an attractor
independently of the initial conditions. In the same spirit it
seems very enticing to draw the consequences of the quin-
tessence hypothesis on other cosmological observables, the
most prominent ones being the cosmological anisotropies.
Recent measurements of the CMB anisotropies by the
BOOMERanG and MAXIMA-1 experiments give a first in-
dication of the location of the peaks in the CMB multipoles.
It seems therefore topical to understand the consequences of
the quintessence hypothesis on the CMB anisotropies.
FIG. 19. Band power dTl for the SUGRA QCDM model with
h50.62, VQ50.7, Vb50.0595, and nS50.99. The data points are
those of the COBE, BOOMERanG, MAXIMA-1, and Saskatoon
experiments.
FIG. 20. Band power dTl for the LCDM model, Ratra-Peebles
QCDM model, and the SUGRA QCDM model with h50.62,
VL ,Q50.7, Vb50.0595, and nS50.99. The data points are those of
the COBE, BOOMERanG, MAXIMA-1, and Saskatoon experi-
ments.103505In this paper we have confronted analytical methods with
numerical results. Using the former we establish that the
quintessence perturbations are independent of the initial con-
ditions. This is confirmed by a full numerical computation.
This allows us to study the CMB anisotropies. In particular
we have paid particular attention to the comparison between
three possible models: the cosmological constant model, the
Ratra-Peebles model, and the SUGRA quintessence model.
We have also compared these three models with the existing
data from the BOOMERanG and MAXIMA-1 experiments.
As a rule the location of the first peak is shifted to the right
for models having an equation of state v closer to 21. This
entails that the location of the first peak for the first peak of
the MAXIMA-1 data is fitted by the SUGRA model. Simi-
larly the location of the second peak around l2.525 as sug-
gested by MAXIMA-1 seems to indicate that the SUGRA
model comes closer to be the best of these three models. One
of the foreseeable challenges will be to carry out a thorough
analysis of the forthcoming data in order to distinguish these
three models even more clearly.
From the particle physics point of view most of the quin-
tessence models discussed so far have neglected the crucial
effects of SUSY breaking. It may well be that the effects of
SUSY breaking, on top of necessitating a severe fine-tuning
of the cosmological constant, will induce drastic modifica-
tions in the functional form of the quintessence potential. It
is certainly a tantalizing challenge to include the effects of
SUSY breaking within the supergravity models of quintes-
sence @58#. On the other hand, there exists the possibility that
the cosmological constant problem will be resolved using
ideas stemming from extra-dimension scenarios involving an
effective supersymmetry in four dimensions @7#. The inves-
tigation of such models might well shed new light on the
origin of the quintessence field.
As must be clear by now the issues raised by the cosmo-
logical constant problem, the quintessence scenario, and its
proper understanding within particle physics are manyfold.
The experimental results which will be available in the near




The equations satisfied by the background density con-
trast and divergence can be obtained either from combina-
tions of the Einstein equations ~21!–~24! or, more directly,
from the conservation of the perturbed background fluid
stress-energy tensor ~since the background fluid and quintes-
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where we have assumed that vB is a constant. On the other
hand, from the Einstein equations we get
2~3h92hl9!2H~3h82hl8!
53H2@~113clB2 !VBdB1~113clQ2 !VQdQ# ,
~A4!
where clQ
2 [p1Q /e1Q which need not coincide with the defi-
nition of cs
2
Q . In order to derive the formula satisfied by the
density contrast of the background fluid in the long-
wavelength limit, we neglect the term proportional to k2 in
Eq. ~A3! and we use the fact that VQ!VB . Then, straight-






where we used the fact that clB
2 5vB for an hydrodynamical
fluid. This equation shows that the evolution of the back-
ground density contrast is essentially unaffected by the pres-
ence of quintessence. This is of course an expected result
since we have assumed VQ!V B .
2. Quintessential perturbations
In order to obtain the fundamental equation satisfied by
the perturbed quintessence field, we can proceed as for the
background fluid. However, it is important to notice that the
link between the perturbed energy density and the perturbed
pression, which is just a constant for the background fluid, is




2tdS where the second term rep-









~hl91Hhl8!. ~A6!103505We can now establish the equations satisfied by the quin-
tessence density contrast and divergence. The conservation



























In these two equations, no approximations have been made:
they are valid for any wave number, any equation of state
parameter, and any sound velocity. In practice, it turns out to
be more convenient to use the perturbed Klein-Gordon equa-
tion to analyze the problem. This can be obtained directly
from the first of the two previous equations if one notices
that the quantities describing the perturbed scalar field stress-
energy tensor can be expressed in terms of the perturbed








Inserting the corresponding expression for the density con-
trast and the divergence in Eq. ~A7!, we get
dQ912HdQ81F k21a2 d2V~Q !dQ2 GdQ1 Q82 ~3h82hl8!50.
~A12!
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